We report on the investigation of a superconducting anharmonic multi-level circuit that is coupled to a harmonic readout resonator. We observe multi-photon transitions via virtual energy levels of our system up to the fifth excited state. The back-action of these higher-order excitations on our readout device is analyzed quantitatively and demonstrated to be in accordance with theoretical expectation. By applying a strong microwave drive we achieve multi-photon dressing of our system which is dynamically coupled by a weak probe tone. The emerging higher-order Rabi sidebands and associated Autler-Townes splittings involving up to five levels of the investigated anharmonic circuit are observed. Experimental results are in good agreement with master equation simulations.
I. INTRODUCTION
Superconducting quantum circuits hold great promise for the field of quantum information processing. The basic unit cell of a prospective universal quantum computer is a two-level system, referred to as a qubit. The fundamental states of superconducting qubits, being based on the Josephson effect, are mapped to the two lowest states of an oscillating system, which are isolated from higher levels by introducing an anharmonicity. Interesting physics can be investigated when going beyond the two-level approximation. Using single-photon excitations, anharmonic oscillators have been operated as a qudit 1 . The use of qudits was proposed to enhance the security of key distribution in the field of quantum cryptography 2,3 . Including the third energy level, efficient and robust quantum gates have been implemented 4 . Such three-level quantum systems provide an optimal test ground for a variety of interesting phenomena. For instance, the Autler-Townes doublet 5 , induced by a dynamic Stark splitting, was observed in superconducting anharmonic circuits by coupling the first excited qubit state with one of its neighboring levels and probing the emerging splitting with a second weaker tone [6] [7] [8] [9] . Furthermore, Rabi sidebands of a three-level dressed state have been investigated 10 . Dressed states in anharmonic many-level quantum circuits, as studied in this paper, are relevant to harness essential quantum properties. The underlying difficulty to predict the intrinsic behavior of many-body systems is complicated by the back-action of higher-order excitations on the dispersive readout device. Understanding the investigated many-level circuit in detail and being capable of performing a reliable and precise readout is required for prospective many-level quantum simulation 11 . Here, we report on the investigation of a superconducting multi-level quantum circuit of weak anharmonicity beyond the three-level approximation. We spectroscopically observe multi-photon transitions via virtual energy levels up to fifth order, which is limited by the effective potential well depth of our anharmonic system. In contrast to multi-photon transitions between dressed resonator-qubit states in a Jaynes-Cummings system [12] [13] [14] , the reported multi-photon transitions occur in the anharmonic multi-level circuit itself. To address and readout the anharmonic system, it is embedded in a circuit quantum electrodynamic (cQED) 15, 16 environment, namely coupled to a harmonic readout resonator. Furthermore, by applying a microwave tone that is strong compared to the decoherence rate, we observe multi-photon dressing of states involving up to the fourth excited state of our anharmonic circuit. Autler-Townes like avoided crossings become visible when probing the driven system with a weak microwave tone. This demonstrates the universality of the Autler-Townes effect which occurs when an interlevel transition is strongly and resonantly driven 5 . Observation of the associated Rabi sidebands allows to identify transitions appearing in the rotating frame, in agreement with the underlying theoretical model.
II. ANHARMONIC MANY-LEVEL CIRCUIT
The investigated circuit is a Cooper pair box 17 operated in the phase regime. It comprises a single Josephson junction, giving rise to the system's non-linearity, and a shunt capacitance placed in parallel. Such a circuit is commonly referred to as a transmon qubit 18 . A quantum circuit of low anharmonicity allows for an extensive study of higher-order multi-photon transitions since the respective matrix elements indicating the probability of such higher order processes to occur are strongly suppressed in a more non-linear system 19 . To facilitate multi-level spectroscopy, the applied drive power needs to be larger than the system's anharmonicity, which in turn needs to be larger than the decoherence rate of the investigated excitations.
A. Model
The anharmonic quantum circuit is described by the HamiltonianĤ
withn being the number of excess Cooper-pairs on the transmon island, n g the offset charge andφ the Josephson phase. Shunting the Josephson junction with a large capacitance, the charging energy E C of the quantum circuit is strongly reduced, leaving the Josephson coupling with Josephson energy E J as the dominant term in the Hamiltonian. Therefore, the transmon circuit operates in the phase regime with a large ratio E J /E C and a small associated relative anharmonicity α r . While this approach reduces the system's sensitivity to charge noise, it also lowers the circuit's anharmonicity 18 . The complete cQED system 15 including the dispersive readout resonator is described by a generalized JaynesCummings 20 Hamiltonian, taking into account higher levels of the anharmonic circuit. In the basis of transmon states |j , it readŝ
with resonance frequency ω r of the readout resonator, eigenenergies ω j of the anharmonic circuit and coupling matrix elements g ij between transitions in the anharmonic circuit and resonator.â † (â) is the photon creation (annihilation) operator of the readout resonator. The Hamiltonian given in Eq. (2) is exact, accounting for all coupling matrix elements within the considered Hilbert space limited by the potential well depth 2E J (see Fig. 1(c) ), given by the second term in Eq. (1) .
For numerical analysis of the isolated multi-level circuit, the observed transition frequencies need to be corrected for the perturbation induced by the readout resonator, being in frequency proximity to transitions in the qubit circuit. The correction can be accomplished with the Hamiltonian (2) in its canonically transformed form 18 including terms up to O g 2 i,i+1 /ω i,i+1 −ω r , taking into account only nearest neighbor coupling and applying a rotating wave approximation:
Here, χ i,i+1 = g 2 i,i+1 / (ω i,i+1 −ω r ) denotes the dispersive shift induced by a transition between neighboring levels. The first line in Eq. (3) describes the change of the energy levels in the anharmonic circuit induced by the resonator while the second line gives the effective resonance frequency of the resonator dependent on the excitations being present in the many-level circuit. 
B. Experimental setup
The cQED system investigated in this work consists of a superconducting aluminum stripline λ/2-resonator, which is capacitively coupled to the transmon circuit, as depicted in Fig. 1(a) . The sample is prepared in microstrip design, similar to the scheme presented in Sandberg et al. 21 . A backside metalization pulls the electrical field lines into the low-loss intrinsic silicon substrate of a thickness of 350 µm, simplifying the layout as compared to the conventional coplanar waveguide design 22 . The anharmonic circuit is based on a single overlap Josephson junction shunted by two large capacitor pads arranged in plane. For simplicity of the fabrication process, we use optical lithography resulting in a Josephson junction area of about 1 µm 2 . Coherence is limited by the large dielectric loss within the tunnel junction barrier itself 22, 23 . The sample is fabricated in a two-step positive lithography process 24 including reactive ion etching by an inductively coupled plasma. The Josephson junction consists of two magnetron sputtered aluminum electrodes, structured as overlapping thin bars in two subsequent lithography steps. The native oxide on the surface of the first aluminum layer is removed by an argon plasma cleaning step in-situ, before forming the tunnel barrier by reoxidizing in a controlled way and depositing the second electrode. With a static oxygen partial pressure of 31.5 mbar and an oxidation time of 60 min, a critical current I c = 33 nA of the Josephson junction is obtained.
The quantum circuit is placed inside an aluminum box for magnetic shielding and cooled down to a base temperature of about 20 mK in a dilution refrigerator. The surface of the can surrounding the base stage is coated with blackbody absorbing material to shield the sample from stray infrared light generating quasi-particles 25 . Spectroscopy is performed using a vector network analyzer (VNA), measuring the transmission of continuous microwave signals applied to a transmission line coupled to the cQED system. Microwave power of the VNA as well as attenuation of the signal in the cryostat (−70 dB) is chosen such that the mean occupation of the readout resonator is at the single-photon level. Manipulation and probe signals are applied with microwave generators via the same transmission line. The outgoing signal is amplified in a high electron mobility transistor (HEMT) located at 4.2 K and in two amplification stages at room temperature. Two cryogenic circulators in series between the sample and the HEMT protect the quantum circuit from thermal and amplifier noise. The schematic experimental wiring and the circuit diagram of the sample are depicted in Fig. 1(b) .
III. POWER SPECTROSCOPY
The properties of the anharmonic multi-level circuit are experimentally investigated by applying a continuous microwave drive tone of frequency ω µw and power P µw . The dispersive resonator shift χ indicating the level population n of the anharmonic circuit corresponds to the transmission magnitude |S 21 | measured at a frequency close to resonance. The experimentally obtained power spectrum of the investigated circuit is shown in Fig. 2 
(b).
For small drive powers, only the fundamental qubit transition to the first excited state |1 is visible (j = 1). Since the multi-level quantum circuit is cooled down to its ground state, only transitions from the ground state |0 to any higher level |j of the system are observable. The matrix elements accounting for direct coupling between non-neighboring levels are strongly suppressed due to parity selection rules. However, transitions between levels |0 and |j , j = 2..5, occur as multi-photon transitions involving j photons via j−1 virtual intermediate energy levels. These j-photon transitions are observable in power spectroscopy ( Fig. 2(b) ) as transition peaks at distinct frequencies and are denoted as 1/j (|0 ↔ |j ) throughout this text. Multi-photon transitions are indicated in Fig. 2(a) , showing the energy diagram of the circuit. With increasing drive power, the line width strongly increases from its intrinsic value. This power broadening occurs as more states contribute to achieve level saturation.
The fundamental transition |0 ↔ |1 and the next order transition 1/2 (|0 ↔ |2 ) appear at highest drive frequencies, since the anharmonicity of the circuit is negative. With the measured transition frequencies ω m 01 /2π = 4.766 GHz, ω m 12 /2π = 4.558 GHz as extracted from power spectroscopy ( Fig. 2(a) ), the transition frequencies ω i,i+1 of the isolated anharmonic circuit can be found via the relations
Likewise, the resonance frequency ω r /2π = 5.814 GHz of the isolated readout resonator is extracted, employing the undressed transition frequencies ω i,i+1 and the unperturbed resonator frequency ω r recursively in the definition of χ i,i+1 .
With the transition frequencies ω 01 /2π = 4.779 GHz and 1 2 ω 02 /2π = 4.565 GHz of the isolated many-level circuit, the relative anharmonicity α r is extracted to be α r = ω 02 /ω 01 −2 = −4.5%. Writing the Hamiltonian (1) in phase basis allows to extract its exact eigenenergies and we obtain a ratio E J /E C = 83 and thereby the complete energy spectrum of the investigated multilevel circuit. The given level identification is confirmed by observing the |1 ↔ |2 transition in a separate twotone experiment, while strongly pumping the first excited state |1 . (1), from the parabolic potential of a harmonic oscillator. The depicted eigenenergies of the anharmonic circuit are found by diagonalization of the Hamiltonian (1) after writing the Josephson coupling term as a tunneling operator −E J /2 n |n n+1|+|n+1 n|. The obtained ground state energy E 0 = h·2.4 GHz, specified relative to the minimum of the cosine potential set by −E J = −h· 16.1 GHz, equals the vacuum energy 1 2 ω 01 for the state |0 of a harmonic oscillator with energy splitting ω 01 . While multi-photon transitions are observable up to the fifth excited level, which still is a bound state well within the cosine potential, the sixth excited level is roughly 190 mK below the energy barrier and therefore excitations of this state are likely to leak to a delocalized state.
The two power dependent features visible in measured data ( Fig. 2(a) ) at 4.7 GHz are not intrinsic to the investigated quantum circuit but rather correspond to chip modes originating from neighboring circuits on the investigated sample. These features do not shift in frequency between different cool-downs, as opposed to a shift in transition frequencies of the investigated circuit caused by an aging effect of the Josephson junction. The observed power dependence might be due to a coupling of these modes to the broadened multi-photon transitions. A. Quantitative investigation of the dispersive resonator shift
As mentioned earlier, dispersive readout of the anharmonic many-level circuit is performed via the induced back-action on its readout resonator, namely the dispersive shift χ of its resonance frequency. According to the Jaynes-Cummings model 15 , resonator levels are dressed dependent on the excitation number n = i i|i i| of the many-level circuit, such that χ ∝ n . For investigating a two-level qubit system, it is sufficient to observe a relative change in the resonator's frequency ω r to infer the qubit state. Going beyond the two-level approximation however requires to consider absolute values of χ in order to extract n of the many-level circuit. To reduce measurement time, the dispersive shift χ is detected by measuring the transmission magnitude |S 21 (ω r +δ)| at a frequency detuned by δ from resonance. Since there is no linear proportionality, |S 21 (ω r +δ)| ∝ χ in general, corrections to extract χ from this measurement technique are necessary. 
for j > 0, employing a coupling constant g 01 = 2π· 115 MHz. Higher-order coupling matrix elements g i,i+1 are calculated by solving the Hamiltonian (1) in charge basis and evaluating the respective matrix elements. The offset shift χ 0 = −g 2 01 /(ω 01 −ω r ) of the resonator induced by the quantum vacuum energy of the multi-level circuit is subtracted, respectively.
Data points in gray are the experimentally measured saturated dispersive shifts χ 0j , corrected for the nonlinearity induced by the described measurement technique. This is realized by fitting the squared linear transmission magnitude |S 21 (ω)| 2 of the readout resonator to a Lorentzian. Its associated decay rate κ/2π = 8.7 MHz is previously found by a complex circle fit 26 of measured transmission magnitude data. To obtain the given data points, we extract the saturated transmission magnitudes |S j 21 (ω m r +δ)| of the observed j-photon transitions, corresponding to equal level population, from power spectroscopy data presented in Fig. 2 . Error bars are Gauss errors taking into account fit errors in the measured transmission magnitudes |S 21 |, the decay rate κ, the base It is interesting to note that comparing the experimentally obtained saturated dispersive shifts with the theoretical expectation provides an opportunity to extract the fundamental coupling constant g 01 between manylevel circuit and readout resonator, since χ 01 ∝ g 2 01 . Selecting a proper detuning δ allows for quasi-linear operation as illustrated in Fig. 3(b) . Since the linear point of the resonator's Lorentzian L, where ∂ 2 L = 0, is well within the measurement region, required corrections to translate the measured transmission magnitude |S 21 (ω m r +δ)| into the dispersive shift χ are small. The drive power in the experiment was kept below the threshold for achieving saturation of the 1 5 |0 ↔ |5 transition due to experimental setup constraints.
B. Simulation
Validation of the underlying theoretical model is carried out via the comparison of experimental data to a numerical simulation as shown in Fig. 2(c) . It is based on a master equation solver provided by the QuTIP package 27, 28 . We are plotting the expectation value n of the occupation number operator of the multi-level circuit in a color scale, which is linearly proportional to the energy of the readout resonator and therefore to its dispersive shift χ. Parameters are the first two transition frequencies ω 01 , 1 2 ω 02 of the isolated multi-level circuit and the resonance frequency ω r of the bare readout resonator together with its decay rate κ as determined in the previous section. The relaxation rate T 1 = 56 ns of the fundamental transition |0 ↔ |1 is obtained in a time domain measurement. A dephasing time T 2 = 100 ns is estimated from the intrinsic peak broadening in spectroscopy 24 and confirmed by related time domain data. The Hamiltonian underlying the simulation readŝ
which is the generalized Jaynes-Cummings Hamiltonian (2) extended by the applied continuous microwave drive of amplitude A q and coupling operatorsĝ x ij . For the xcoupling of the microwave drive to the anharmonic circuit, we apply the given adaptation of the coupling matrix to account for the circuit's non-linearity. The time evolution of the Liouvillian which is calculated from the master equation of the considered Hamiltonian takes a steady state after roughly 500 ns T 1 , κ/2π, which enables to extract the equilibrium occupation number n of the anharmonic circuit. The readout tone of the VNA, applied in the experiment to measure the dispersive shift, is not included in the simulation which is justified by the fact that it is at least three orders of magnitude smaller in power than the applied microwave tones and off-resonant with the multi-level circuit.
To illustrate the good agreement between experimental data and theoretical model, several horizontal slices of the measured power spectrum are compared to simulated data in Fig. 2(d)-(g) . The emergence of clear multiphoton transition signatures for increasing drive power is visible in theory and experiment. The good agreement in position and shape of the measured signatures verifies the validity of the parameters provided to the simulation. The deviation in peak position for the five-photon transition (g) is explained by a frequency dependence of a geometric experimental parameter that is not included in the simulation.
IV. RABI SIDEBANDS OF MULTI-PHOTON COUPLED LEVELS
Having studied and characterized the multi-photon transitions in the investigated anharmonic circuit in detail in the previous section, we are now able to achieve a dressing of our system involving up to five energy levels by applying a single microwave drive tone. The drive amplitude is denoted as Ω R , stressing that the respective Rabi frequency Ω R of multi-photon coupled levels can be inferred from it. This is achieved by taking into account the dipole moment of individual transitions and the damping of the readout resonator 6 . Choosing a drive frequency ω d µw that matches one of the observed multiphoton transitions 1 j ω m 0j leads to an assimilation of the driven level |j and the ground state |0 in energy when regarding the system in the frame rotating with the drive. In this picture we study the drive power dependent dressing of involved levels leading to Rabi sidebands.
The modified level structure in the frame rotating with the drive frequency is probed with a weak microwave tone of frequency ω p µw by dynamical coupling of dressed levels |n . We observe an effective change in the expectation value of the circuit's occupation number n when the probe frequency matches one of the emerging Rabi sideband transitions.
Applying the unitary transformation
on the Hamiltonian (2) yields the level structurẽ
of the undressed anharmonic multi-level system regarded in the frame rotating with ω given by extension of Eq. (7) with a microwave drive tone of amplitude Ω R and frequency ω 
The related energy diagram of the circuit regarded in the rotating frame is depicted in Fig. 4(a) . In Fig. 4(b) , we observe the recently reported 10 Rabi sideband transitions (ii), (iii) between the first three transmon levels traced in pink (ii) and orange (iii). These features, corresponding to the |0 ↔ |2 transition (iii) and the |0 ↔ |1 transition (ii) in the dressed system cause an effective decrease (dark signature) in occupation number n relative to the driven saturation state |n = 1 2 |0 + 1 2 |2 . Taking into account higher levels, the three-photon sideband transition |0 ↔ |3 traced in light blue is visible as a bright feature since n effectively increases as the |3 -level is populated. Bending and splitting of the Rabi sidebands in Fig. 4(b) account for a stronger dressing with increasing drive amplitude Ω R . The repelling of levels is most pronounced for directly coupled levels |0 , |2 , since they coincide in energy in the rotating frame without any applied drive. Dressing of levels |1 and |3 is less pronounced, as the energetic distance to the nearest level is larger, see Eq.
(11). Due to the increased dressing, indicated sidebands (i), (ii) approach each other, in agreement with the simple picture shown in Fig. 4(a) . It is important to note that a higher probe frequency ω p µw in the laboratory frame corresponds to a smaller frequency ω p,rf µw in the rotating frame.
Tuning the drive frequency into the vicinity of the resonant condition allows to observe an Autler-Townes doublet whenever the applied probe tone matches a transition in the dressed system. Figure 4(c) shows the AutlerTownes doublets of the two dominant transitions (i), (ii) involving the dressed zero-level |0 , as indicated in the energy diagram. Since level saturation |n =
is not fully achieved for the small drive amplitude Ω R chosen in the simulation, the driven level |2 is only weakly populated and therefore a dynamical coupling to other levels, inducing an Autler-Townes splitting, is weak. For very small drive amplitudes, the doublets are observable at frequencies calculated from equation (11) for the undressed system. To observe the Autler-Townes splittings in experiment at a reasonable signal-to-noise ratio we apply a microwave drive which is roughly by a factor of two higher in amplitude as compared to simulated data. Therefore the observed splittings approach each other in Fig. 4(c) , upper plot, in accordance with the bending of respective Rabi sidebands shown in Fig. 4(b) .
B. Three-photon pumping of the |3 -level
In a similar manner we achieve dressing of the anharmonic circuit involving up to five levels by means of threephoton pumping. Transforming into the frame rotating with frequency ω 
The five stable levels corresponding to localized states of our circuit are therewith dressed by a single microwave tone. Probing the circuit with a weak microwave tone allows to observe the generalized multi-photon AutlerTownes doublets in the three-photon pumped dressed system. Measured data and the related master equation simulations are presented in Fig. 5(b) . The dominant doublets again arise from the single-photon processes involving the dressed zero-level |0 , (i)-(iii), since level saturation |n = system. In measured data, fainter features corresponding to dynamical coupling with the |3 -level are visible since higher microwave amplitudes are chosen to guarantee good visibility above the noise level. This explains small deviations in the exact position of the doublets between measurement and simulation. Features (i'), (iv) and (v) are emphasized in the inset of the simulation by increasing the probe amplitude. Transitions related to the observed Autler-Townes splittings are indicated in the energy diagram given in Fig. 5(a) . Since en-ergy levels |1 , |2 are very close in the undressed system, their strong mutual repelling is observable by a distinct double splitting even for small drive amplitudes. Figure  5 (c) shows simulated data of the Autler-Townes doublesplitting for varying drive amplitudes Ω R . The dependence of the dressing on the Rabi frequency is clearly confirmed by the dispersion of the Autler-Townes doublets for increasing Ω R . The pronounced repulsion of levels |1 , |2 provides direct evidence for the comprehensive dressing of the considered five-level subsystem. As the dressing increases, the frequency of the |1 ↔ |3 transition (v) can be observed to be constant (not shown), which is explained by the close proximity of levels |1 , |2 to the pumped level |3 , likewise exerting a repulsive effect.
V. CONCLUSION
We have investigated a superconducting anharmonic many-level circuit coupled to a harmonic readout resonator. We observe higher-order multi-photon transitions up to the fifth excited state via virtual energy levels of our circuit. The back-action of these multi-photon excitations on our readout device is analyzed quantitatively and demonstrated to be in accordance with theoretical expectation. For the investigation of a multi-level quantum circuit it is essential to tune the readout frequency close to the inflection point of the resonator's Lorentzian to minimize necessary corrections induced by the non-linearity. By applying a strong microwave pump tone we achieve multi-photon dressing of our circuit involving up to five energy levels. Rabi sidebands are observable by probing the dressed system with a weak microwave tone. The expected dependence of the Rabi frequencies on the drive power is demonstrated. Associated higher-order Autler-Townes doublets are observed for multi-photon pumping levels |2 and |3 , appearing at frequencies matching the expectation from analysis of the circuit Hamiltonian in the rotating frame. Experimental results are in agreement with master equation simulations taking into account the full Hilbert space of the investigated anharmonic circuit.
